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BRANCHING LAWS FOR SMALL UNITARY
REPRESENTATIONS OF GL(n,C)
JAN MÖLLERS AND BENJAMIN SCHWARZ
Abstract. The unitary principal series representations of G = GL(n,C) in-
duced from a character of the maximal parabolic subgroup P = (GL(1,C) ×
GL(n−1,C))⋉Cn−1 attain the minimal Gelfand–Kirillov dimension among all
infinite-dimensional unitary representations of G. We find the explicit branch-
ing laws for the restriction of these representations to symmetric subgroups of
G.
Introduction
Branching laws describe the decomposition of a given irreducible unitary rep-
resentation of a group G into irreducible representations for a subgroup H . For
reductive groups, say, every such representation can be decomposed into a direct
integral of irreducible unitary representations for H . The explicit decomposition,
however, is in general hard to determine. Further, the branching laws might have
bad features such as infinite multiplicities, even if (G,H) is a symmetric pair of re-
ductive groups (see e.g. [15, Example 5.5]). Therefore one has to single out certain
subclasses of groups and representations in order to obtain nice branching laws.
As advocated by Kobayashi [16] “small representations” contain “large symme-
tries” in their geometric realizations. This principle should be reflected in the
branching; the restriction of a small representation of a non-compact group G to
a large subgroup H is expected to have a simple branching law. Here the size
of a unitary representation of a reductive group G can be measured in terms of
its Gelfand–Kirillov dimension. If the complexified Lie algebra gC of G does not
contain a simple factor of type A there are only finitely many irreducible unitary
representations attaining the minimal Gelfand–Kirillov dimension among all non-
trivial unitary representations [8]. For the metaplectic group G = Mp(n,R) this
is achieved by the well-known Segal–Shale–Weil representation; branching laws for
this representation are well-studied, in particular in connection with Howe dual
pairs, see e.g. [10, 13]. More examples of branching laws for small representations
are [5, 6, 17, 20, 21, 23, 25, 28, 29, 30, 36].
On the other hand, for the type A group G = GL(n,R) there exists a one-
parameter family of irreducible unitary representations attaining the minimal Gelfand–
Kirillov dimension. For these representations the explicit branching laws with
respect to all symmetric subgroups H ⊆ G were given by Kobayashi–Ørsted–
Pevzner [18]. In particular they investigate the branching to the subgroup H =
Sp(m,R), n = 2m, in connection with geometric analysis on various realizations
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of the representation. The corresponding geometric analysis for the group H =
Sp(m,C) was carried out by Clare [2]. The representations Clare studies occur as
restrictions of irreducible unitary representations of the type A groupG = GL(n,C)
that attain the minimal Gelfand–Kirillov dimension. In this paper we complete the
picture by determining the explicit branching laws for the restriction of these small
representations of G = GL(n,C) to arbitrary symmetric subgroups H ⊆ G.
Consider the unitary principal series representations πGiλ,k of G = GL(n,C) in-
duced from a character χiλ,k, λ ∈ R, k ∈ Z, of the parabolic subgroup P =
(GL(1,C)×GL(n− 1,C))⋉Cn−1 (see Section 1 for details). The arguments of [24]
show that the representations πGiλ,m are irreducible and attain the minimal possible
Gelfand–Kirillov dimension among all infinite-dimensional unitary representations.
By Berger’s classification [1] the symmetric subgroups of G are
K = U(n),
H1 = GL(p,C)×GL(q,C), n = p+ q, p, q ≥ 1,
H2 = U(p, q), n = p+ q, p, q ≥ 1,
H3 = Sp(m,C), n = 2m,
H4 = GL(m,H), n = 2m,
H5 = O(n,C),
H6 = GL(n,R),
whereH3 and H4 only occur for even n. In this paper we give the explicit branching
laws for the restriction of πGiλ,m to these subgroups (see Theorems 1 to 7).
The main machinery to derive the branching laws is Mackey theory. Following
[18], we denote for a homogeneous G-space X and a homogeneous line bundle
L → X by L2(X,L) the space of L2-sections of the line bundle L⊗ (
∧dimX
T ∗X)
1
2 .
Then the representations πiλ,k are realized on L
2(G/P,Liλ,k) for Liλ,k = G×Pχiλ,k.
Each symmetric subgroup H ⊆ G has by a general result of Wolf [35] finitely many
orbits on G/P and hence there exist open orbits O1, . . . ,Os such that their union
is dense in G/P (in all our cases s = 1 or s = 2). By Mackey theory restriction to
these open orbits defines an H-equivariant unitary isomorphism
L2(G/P,Liλ,k) ∼=
s⊕
j=1
L2(Oj ,Liλ,k|Oj )
and hence the branching problem is equivalent to the decomposition of the unitary
representations L2(Oj ,Liλ,k|Oj ) into irreducible H-representations. In all our cases
Oj is a symmetric space or a flag variety or a fibration over one of those. This allows
to apply existing results such as Plancherel formulas for reductive symmetric spaces
or structure theory for parabolically induced representations.
We remark that the subgroups H1, H2, H3 and H4 are analogues of the four non-
compact symmetric subgroups of GL(n,R) considered in [18]. The proofs of the
corresponding branching laws are of the same nature as those in [18]. However, the
two groups H5 and H6 do not have an analogue in GL(n,R). We still use Mackey
theory for these cases, but here different phenomena occur. For H5 we employ the
Plancherel formula for the semisimple symmetric space O(n,C)/(O(1,C) × O(n −
1,C)) due to Delorme [3] and van den Ban–Schlichtkrull [33, 34]. To obtain the
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branching law for H6 we use the Plancherel formula for line bundles over the upper
half plane SL(2,R)/SO(2) due to Shimeno [31].
Acknowledgement. We thank B. Ørsted for helpful discussions on the topic of
this paper.
1. Unitary principal series representations
Let G = GL(n,C), n ≥ 2, and denote by P the standard maximal parabolic
subgroup of G corresponding to the partition (1, n−1) of n. Then P ∼= (GL(1,C)×
GL(n−1,C))⋉Cn−1 and G/P ∼= CPn−1, the complex projective space of dimension
n− 1. We use the notation
[z] = [z1 : · · · : zn] = Cz ∈ CP
n−1,
for z ∈ Cn, z 6= 0. The complex projective space CPn−1 is also homogeneous under
the action of the maximal compact subgroup K = U(n) and hence CPn−1 ∼= K/M
with M = K ∩ P = U(1)×U(n− 1).
We define for t ∈ C and k ∈ Z a character χt,k of GL(1,C)×GL(n− 1,C) by
χt,k(diag(w, g)) := |w|
t
(
w
|w|
)k
, w ∈ GL(1,C), g ∈ GL(n− 1,C),
and extend it to P by letting the nilpotent radical act trivially. Let πt,k :=
IndGP (χt,k) denote the corresponding unitary principal series representations (nor-
malized parabolic induction). The structure of these representations was studied by
Dooley–Zhang [4] (see also [11, 24]). For t = iλ ∈ iR and k ∈ Z the representation
πt,k is unitary and irreducible and called unitary principal series representation.
If n ≥ 3 the unitary principal series are the only non-trivial unitary constituents
of the principal series (see e.g. [11, Corollary 2.4.3 & 2.5.8]). In [24, Theorem
5.3] we showed that the unitary principal series representations πiλ,k attain the
minimal possible Gelfand–Kirillov dimension among all infinite-dimensional uni-
tary irreducible representations of G. (In fact, we only showed the statement for
k = 0, but the proof carries over to the case k ∈ Z.)
The unitary representation πiλ,k can be realized on L
2(G/P,Liλ,k), where Liλ,k =
G×P χiλ,k is the line bundle associated to the character χiλ,k and G acts via the left-
regular representation. Considered as K-homogeneous bundle over G/P ∼= K/M
the line bundle Liλ,k is the bundle Lk corresponding to the character (w, g) 7→ wk
of M = U(1)×U(n− 1). Hence as K-representations
L2(G/P,Liλ,k) ∼= L
2(K/M,Lk).
SinceK/M = CPn−1 we can identify L2(K/M,Lk) with the subspace of L2(U(n)/U(n−
1)) consisting of functions on the unit sphere U(n)/U(n− 1) ∼= S2n−1 ⊆ Cn which
are homogeneous of degree −k under the action of U(1) on S2n−1. It is well-known
that as O(2n)-representations the space L2(S2n−1) decomposes into the Hilbert
space direct sum
L2(S2n−1) =
∞∑
j=0
⊕
Hj(R2n),
where Hj(R2n) denotes the irreducible representation of O(2n) on the space of
spherical harmonics on R2n of degree j. Under the action of U(n) ⊆ O(2n) each
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space of spherical harmonics decomposes into U(n)-irreducibles as
Hj(R2n) =
⊕
α,β≥0
α+β=j
Hα,β(Cn),
where Hα,β(Cn) denotes the subspace of Hj(R2n) consisting of polynomials which
are homogeneous of degree α in z and homogeneous of degree β in z. This implies
the following branching law:
Theorem 1. Upon restriction to the maximal compact subgroup K = U(n) the
representation πGiλ,k of G = GL(n,C) decomposes as
πGiλ,k|K ∼=
∑
α,β≥0
α−β=−k
⊕
Hα,β(Cn).
2. Branching law for GL(p+ q,C)ց GL(p,C)×GL(q,C)
The subgroup H = H1 = GL(p,C) × GL(q,C), n = p + q, has the open dense
orbit
O = H · [z0] = {[z
′ : z′′] : z′ ∈ Cp \ {0}, z′′ ∈ Cq \ {0}}
on G/P = CPn−1 where
z0 = (1, 0, . . . , 0︸ ︷︷ ︸
p
, 1, 0, . . . , 0︸ ︷︷ ︸
q
) ∈ Cp+q.
The stabilizer of [z0] in H is
(2.1) S =
{
g =


w a 0 0
0 g1 0 0
0 0 w b
0 0 0 g2

 : w ∈ C×, g1 ∈ GL(p− 1,C),
g2 ∈ GL(q − 1,C), a ∈ C
p−1, b ∈ Cq−1
}
.
Restriction of the bundle Liλ,k to O ∼= H/S yields the line bundle induced by the
character S → C×, g 7→ |w|iλ( w|w|)
k with g ∈ S as in (2.1). The orbit O has an
H-equivariant fibration
O → CPp−1 × CP q−1, [z′ : z′′] 7→ ([z′], [z′′])
with fiber GL(1,C) = C× = R+ × S
1. Taking the Mellin transform along R+
and the Fourier series expansion on S1 we obtain the branching law. For the
formulation we denote by π
GL(p,C)
iλ,k and π
GL(q,C)
iλ,k the corresponding unitary principal
series representations of GL(p,C) and GL(q,C) as defined in Section 1.
Theorem 2. Upon restriction to the symmetric subgroup H1 = GL(p,C)×GL(q,C)
the representation πGiλ,k of G = GL(p+ q,C) decomposes as
πGiλ,k|H1
∼=
∞∑
k′∈Z
⊕
∫ ⊕
R
π
GL(p,C)
iλ′,k′ ⊗ π
GL(q,C)
i(λ−λ′),k−k′ dλ
′.
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3. Branching law for GL(p+ q,C)ց U(p, q)
Let H = H2 = U(p, q), p, q ≥ 1, n = p + q, be the subgroup of all elements in
GL(n,C) which preserve the sesquilinear form
(z|w)p,q := z1w1 + · · ·+ zpwp − zp+1wp+1 − · · · − zp+qwp+q, z, w ∈ C
p+q.
The group H has exactly two open orbits on G/P = CPn−1, namely
O+ := H · [1 : 0 : · · · : 0] = {[z] : (z|z)p,q > 0},
O− := H · [0 : · · · : 0 : 1] = {[z] : (z|z)p,q < 0}.
Both orbits are semisimple symmetric spaces, more precisely O± ∼= H/S± with
S+ := U(1)×U(p− 1, q), and S− := U(p, q − 1)×U(1).
The line bundle Liλ,k restricted to O+ is the line bundle L
+
k induced by the char-
acter (z, g) 7→ zk of S+ = U(1) × U(p − 1, q), and restricted to O− it is the line
bundle L−k induced by the character (g, z) 7→ z
k of S− = U(p, q−1)×U(1). Hence,
as H-representations we have
L2(G/P,Liλ,k) ∼= L
2(H/S+,L+k )⊕ L
2(H/S−,L−k ).
To describe the decomposition of L2(H/S±,L±k ) into irreducible unitaryH-representations
we use the degenerate principal series of H . Let PH = MHAHNH be the parabolic
subgroup of H with
MH = {diag(µ, g, µ) : µ ∈ U(1), g ∈ U(p− 1, q − 1)} ,
AH = expRA0,
NH = exp(hα + h2α),
where
A0 =

 1
1


and α ∈ a∗
C
is defined by α(A0) := 1. For t ∈ C and k ∈ Z let ωt,k denote the
character of PH = MHAHNH given by
ωt,k(diag(µ, g, µ)e
sA0n) := µkest.
We consider the induced representation π
U(p,q)
t,k := Ind
H
PH
(ωt,k). For t ∈ iR this rep-
resentation belongs to the unitary principal series and is irreducible except possibly
for t = 0 and k ∈ n+ 1 + 2Z (where it might decompose into two components, see
[22, Section 6] and [12, Section 4.5]). To describe the unitary subrepresentations of
π
U(p,q)
t,k that occur discretely in the decomposition of L
2(H/S±,L±k ) we distinguish
three cases:
(1) Assume p, q > 1. Then for t < 0 and t ∈ k + n + 1 + 2Z the representa-
tion π
U(p,q)
t,k has two irreducible unitary subquotients (see e.g. [22, Section
6]). Let π
U(p,q)
t,k,± denote the irreducible subquotient with U(p) × U(q)-type
decomposition
(3.1) πt,k,±|U(p)×U(q) =
∑
j,ℓ∈N0
±(j−ℓ+p−q)>|t|
⊕ ⊕
0≤α≤j,0≤β≤ℓ
2(α+β)=j+ℓ−k
Hα,j−α(Cp)⊗Hβ,ℓ−β(Cq).
6 JAN MÖLLERS AND BENJAMIN SCHWARZ
We remark that identifying U(q, p) ∼= U(p, q) we have π
U(p,q)
t,k,−
∼= π
U(q,p)
t,k,+ .
(2) Assume p > 1 and q = 1. Since Hβ1,β2(C) = 0 for β1β2 6= 0 we put
Hβ(C) =
{
Hβ,0(C) for β ≥ 0,
H0,−β(C) for β ≤ 0.
For |k| < p there is a complementary series, more precisely π
U(p,1)
t,k is unitary
and irreducible for |t| < p − |k| (see e.g. [12, Section 4.5]). To simplify
notation we denote those representations also by π
U(p,1)
t,k,+ = π
U(p,1)
t,k .
For t < 0 and t ∈ k + n + 1 + 2Z not in the range of the possible
complementary series (i.e. t < −(p−|k|)) there is always a “big” unitarizable
subquotient in π
U(p,1)
t,k denoted by π
U(p,1)
t,k,+ withK-types given by the formula
(3.1). For t > −p− |k| this is the unique irreducible constituent containing
the K-type H0,k(Cp)⊗H0(C) for k ≥ 0 and H−k,0(Cp)⊗H0(C) for k ≤ 0.
For t ∈ k + n + 1 + 2Z with p − |k| ≤ t < 0 there is further a small
unitarizable subquotient of π
U(p,1)
t,k denoted by π
U(p,1)
t,k,− with K-types given
by
π
U(p,1)
t,k,− |U(p)×U(1) =


∑
α1,α2∈N0,β∈Z
α1+α2+β≤t−p
α1−α2+β=−k
⊕
Hα1,α2(Cp)⊗Hβ(C) for k > 0,
∑
α1,α2∈N0,β∈Z
α1+α2−β≤t−p
α1−α2+β=−k
⊕
Hα1,α2(Cp)⊗Hβ(C) for k < 0.
Note that this only occurs when |k| > p. In this case π
U(p,1)
t,k,− is the unique
irreducible constituent containing the K-type H0,0(Cp) ⊗ H−k(C). For
k > 0 the representations π
U(p,1)
t,k,− belong to the holomorphic discrete series
and for k < 0 to the antiholomorphic discrete series.
(3) Assume p = 1 and q > 1. Identifying U(1, q) ∼= U(q, 1) we use (2) to define
π
U(1,q)
t,k,+ := π
U(q,1)
t,k,− and π
U(1,q)
t,k,− := π
U(q,1)
t,k,+ .
Let
Ak+(p, q) :=
{
(k + n+ 1 + 2Z) ∩ (−∞, 0) for p > 1, q ≥ 1,
(k + n+ 1 + 2Z) ∩ (−(|k| − q), 0) for p = 1, q ≥ 1,
and put Ak−(p, q) := A
k
+(q, p). Here we use the convention (x, 0) = ∅ for x ≥ 0.
Hence Ak+(1, q) = A
k
−(q, 1) = ∅ for |k| ≤ q. Then by [22, Theorem 10.3] the space
L2(H/S±,L±k ) decomposes into
L2(H/S±,L±k )
∼=
∑
t∈Ak
±
(p,q)
⊕
π
U(p,q)
t,k,± ⊕
∫ ⊕
iR+
π
U(p,q)
t,k dt.
This gives the following result:
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Theorem 3. Upon restriction to the symmetric subgroup H2 = U(p, q) the repre-
sentation πGiλ,k of G = GL(p+ q,C) decomposes as
πGiλ,k|H2 ∼=
∑
t∈Ak
+
(p,q)
⊕
π
U(p,q)
t,k,+ ⊕
∑
t∈Ak
−
(p,q)
⊕
π
U(p,q)
t,k,− ⊕ 2
∫ ⊕
iR+
π
U(p,q)
t,k dt.
We remark that for n > 2 there always occur infinitely many discrete components
in the branching law. For min(p, q) = 1 there are complementary series representa-
tions among them if |k| < max(p, q) and holomorphic or antiholomorphic discrete
series representations if |k| > max(p, q) (finitely many in both cases).
4. Branching law for GL(2m,C)ց Sp(m,C)
For n = 2m the subgroup H = H3 = Sp(m,C) of G acts transitively on G/P ∼=
CPn−1 and G/P ∼= H/PH , where PH = H ∩ P = LHNH is a maximal parabolic
subgroup of H with
LH =

ℓ =


w 0 0 0
0 A 0 B
0 0 w−1 0
0 C 0 D

 : w ∈ GL(1,C),
(
A B
C D
)
∈ Sp(m− 1,C)


(4.1)
and NH a complex Heisenberg group of dimension 2m− 1. The line bundle Liλ,k
over G/P ∼= H/PH is, as an H-homogeneous bundle, induced from the character
ωiλ,k of PH given by
ωiλ,k(ℓn) = |w|
iλ( w|w|)
k
for ℓ ∈ LH as in (4.1) and n ∈ NH . Hence π
G
iλ,k|H
∼= IndHPH (ωiλ,k). By [9,
Theorem 7] the unitary representations πHiλ,k := Ind
H
PH
(ωiλ,k) are irreducible for
(iλ, k) 6= (0, 0) and decompose into two irreducible components for (iλ, k) = (0, 0).
In [2, Theorem 1] these two components are characterized in terms of their K-types:
π
Sp(m,C)
0,0 = π
Sp(m,C)
0,0,+ ⊕ π
Sp(m,C)
0,0,− ,
where
π
Sp(m,C)
0,0,+ |Sp(m)
∼=
∑
α−β≥0
α−β∈4Z
⊕
Hα,β(Hm), π
Sp(m,C)
0,0,− |Sp(m)
∼=
∑
α−β≥0
α−β∈2+4Z
⊕
Hα,β(Hm).
Here Hα,β(Hm) denotes the irreducible representation of Sp(m) of highest weight
(α, β, 0, . . . , 0) in the standard notation. It occurs with multiplicity α − β + 1 in
the decomposition of Hα+β(R4m) into irreducible Sp(m)-representations.
Theorem 4. Upon restriction to the symmetric subgroup H3 = Sp(m,C) the rep-
resentation πGiλ,k of G = GL(2m,C) is
• for (iλ, k) 6= (0, 0) irreducible and isomorphic to π
Sp(m,C)
iλ,k ,
• for (iλ, k) = (0, 0) reducible and decomposes into two irreducible compo-
nents:
πG0,0|H3
∼= π
Sp(m,C)
0,0,+ ⊕ π
Sp(m,C)
0,0,− .
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5. Branching law for GL(2m,C)ց GL(m,H)
For n = 2m the group H = H4 = GL(m,H) ⊆ GL(2m,C) = G acts transitively
on C2m \ {0} and hence also transitively on G/P ∼= CPn−1. Thus G/P is identified
with the homogeneous space H/(H ∩ P ), where
H ∩ P =
{(
a b
0 C
)
: a ∈ C×, b ∈ Hm−1, C ∈ GL(m− 1,H)
}
,
viewed asm×mmatrices over the quaternions H. Let PH be the maximal parabolic
subgroup of H defined by
PH :=
{(
a b
0 C
)
: a ∈ H×, b ∈ Hm−1, C ∈ GL(m− 1,H)
}
.
Then H/(H ∩ P ) → H/PH is an H-equivariant fibration with fiber H×/C× ∼=
Sp(1)/U(1), where we identify Sp(1) with the group of unit quaternions in H
and U(1) with the group of complex numbers of absolute value one. As an H-
homogeneous bundle the line bundle Liλ,k is induced from the character χiλ,k|H∩P .
Using induction in stages we find
πGiλ,k|H = Ind
H
H∩P (χiλ,k|H∩P ) = Ind
H
PH
(IndPHH∩P (χiλ,k|H∩P )).
Let Lk be the line bundle over Sp(1)/U(1) induced by the character z 7→ zk of
U(1). Then
L2(Sp(1)/U(1),Lk) ∼=
∑
j≥|k|
j∈k+2Z
⊕
Vj ,
where (τj , Vj) is the (unique) irreducible representation of Sp(1) ∼= SU(2) of dimen-
sion j + 1. We define a unitary representation ωiλ,j of PH on Vj by
ωiλ,j
(
a b
0 C
)
:= |a|iλτj(
a
|a|)
and let πHiλ,j := Ind
H
PH
(ωiλ,j). By [27, Theorems 3.3 & 4.3] the representations π
H
iλ,j
are irreducible unitary representations of H . Hence we obtain the decomposition
of πGiλ,k into irreducible H-representations:
Theorem 5. Upon restriction to the symmetric subgroup H4 = GL(m,H) the
representation πGiλ,k of G = GL(2m,C) decomposes as
πGiλ,k|H4 ∼=
∑
j≥|k|
j∈k+2Z
⊕
π
GL(m,H)
iλ,j .
6. Branching law for GL(n,C)ց O(n,C)
The group H = H5 = O(n,C) has the open dense orbit
O = H · [1 : 0 : · · · : 0] = {[z] : z ∈ Cn, z21 + · · ·+ z
2
n 6= 0}
which is the homogeneous space O ∼= H/S with S = H∩P = O(1,C)×O(n−1,C).
The restriction of the line bundle Liλ,k to O is the H-equivariant line bundle Lk+2Z
where for δ ∈ Z/2Z we denote by Lδ the H-equivariant line bundle over H/S
associated to the character (z, g) 7→ zδ of S. Hence
L2(G/P,Liλ,k) ∼= L
2(H/S,Lk+2Z).
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Put
S1 := S = O(1,C)×O(n− 1,C), S2 := {1} × O(n− 1,C),
then
L2(H/S1) ∼= L
2(H/S,L0), L
2(H/S2) ∼= L
2(H/S,L0)⊕ L
2(H/S,L1).
Therefore it suffices to find the Plancherel formula for L2(H/S1) and L
2(H/S2).
BothH/S1 andH/S2 are semisimple symmetric spaces and we can use the Plancherel
formula by Delorme [3] and van den Ban–Schlichtkrull [33, 34]. We follow the out-
line in [32].
We fix the Cartan involution θ(g) := (g∗)−1 = g of H with corresponding max-
imal compact subgroup Hθ = H ∩ K = O(n). The involution σ of H given by
σ(g) := 11,n−1◦g◦11,n−1 with 11,n−1 := diag(1,−1n−1) satisfiesHσ0 ⊆ S1, S2 ⊆ H
σ
and hence S1 and S2 are symmetric subgroups of H . We note that for i = 1, 2 we
have rk(H/Si) = 2 whereas rk((H ∩ K)/(Si ∩ K)) = 1 and hence there occurs
no discrete spectrum in L2(H/Si) by a result of Flensted-Jensen [7] and Oshima–
Matsuki [26]. To find the continuous spectrum we observe that there is (up to Weyl
group action) only one non-trivial σθ-stable parabolic subgroup PH = MHAHNH
of H . It has abelian nilradical NH ∼= C
n−2 and
MH = O(2)×O(n− 2,C), AH = exp(aH)
with
aH := RA0, A0 := diag(
(
0 i
−i 0
)
, 0, . . . , 0).
Note that aH is already maximal abelian in {X ∈ h : θ(X) = σ(X) = −X}. Let
W = NH∩K(aH)/ZH∩K(aH) = (O(2) × O(n − 2))/(SO(2) × O(n − 2)) = {1, w0}
with w0 = diag(−1, 1, . . . , 1). For i = 1, 2 we denote by Wi the natural image
of the group NSi∩K(aH) in W . It is easy to see that Wi = W for both i = 1, 2.
Therefore, following [32, Section 8], we have to consider discrete series for the spaces
Xi = MH/(Si ∩MH) and their (Si ∩MH)-fixed vectors. We find
X1 ∼= O(2)/(O(1)×O(1)), X2 ∼= O(2)/({1} ×O(1)).
For i = 1 the (O(1) × O(1))-spherical representations of O(2) are the spherical
harmonics Hj(R2) of even degree j ∈ 2N0. For i = 2 the ({1} × O(1))-spherical
representations of O(2) are spherical harmonics Hj(R2) of arbitrary degree j ∈ N0.
Hence
L2(X1) =
∑
j∈2N0
⊕
Hj(R2), L2(X2) =
∑
j∈N0
⊕
Hj(R2).
Note that dimH0(R2) = 1 and dimHj(R2) = 2 for j > 0. Extend the representa-
tionsHj(R2) of O(2) toMH = O(2)×O(n−2,C) by letting O(n−2,C) act trivially.
Further, identify (aH)
∗
C
with C by α 7→ α(A0). The induced representations
πHt,j := Ind
H
PH
(Hj(R2)⊗ et ⊗ 1)
are unitary irreducible and pairwise inequivalent for t ∈ iR+ and j ∈ N0. The
Plancherel formula [32, Theorem 10.15] gives
L2(H/S1) ∼=
∑
j∈2N0
⊕
∫ ⊕
iR+
πHt,j dt, L
2(H/S2) ∼=
∑
j∈N0
⊕
∫ ⊕
iR+
πHt,j dt.
Putting everything together gives:
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Theorem 6. Upon restriction to the symmetric subgroup H5 = O(n,C) the repre-
sentation πGiλ,k of G = GL(n,C) decomposes as
πGiλ,k|H5
∼=
∑
j∈N0
j∈k+2Z
⊕
∫ ⊕
iR+
π
O(n,C)
t,j dt.
7. Branching law for GL(n,C)ց GL(n,R)
Let H = H6 = GL(n,R) and assume n ≥ 3. (The branching for H = GL(2,R) ∼=
U(1, 1) was already treated in Section 3.) The group H has the open dense orbit
O := H · [1 : i : 0 : . . . : 0] = {[ge1 + ige2] : g ∈ GL(n,R)}
= {[z] ∈ CPn−1 : Re(z), Im(z) linear independent}.
on G/P = CPn−1. The stabilizer subgroup of [1 : i : 0 : · · · : 0] in H is given by
S = (R+SO(2)×GL(n− 2,R))⋉R2×(n−2). Let LHiλ,k be the restriction of the line
bundle Liλ,k to O = H/S and ωiλ,k be the associated character of S. Then ωiλ,k
is the trivial extension to S of the character of R+SO(2) given by
ωiλ,k
(
a b
−b a
)
= |a+ ib|iλ
(
a+ ib
|a+ ib|
)k
.
Let P 1H := (GL(2,R)×GL(n− 2,R))⋉R
2×(n−2) then H/S → H/P 1H is a fibration
with fiber
GL(2,R)/R+SO(2) ∼= {z ∈ C : Im(z) 6= 0}.
We use induction in stages to find
πGiλ,k|H = L
2(H/S,LHiλ,k) = Ind
H
S (ωiλ,k) = Ind
H
P 1
H
(Ind
P 1H
S (ωiλ,k)).
Let P 1H =M
1
HA
1
HN
1
H be the Langlands decomposition of P
1
H . Then
M1H =
(
S∗L(2,R) 0
0 S∗L(n− 2,R)
)
,
A1H =
(
R+12 0
0 R+1n−2
)
,
N1H =
(
12 ∗
0 1n−2
)
,
where
S∗L(N,R) = {g ∈ GL(N,R) : |det(g)| = 1}.
Further we identify (a1H)
∗
C
with C2 by
(a1H)
∗
C → C
2, α 7→ (α(diag(1, 1, 0, . . . , 0)), α(diag(0, 0, 1, . . . , 1))).
Then
πGiλ,k|H = Ind
H
P 1
H
(Ind
S∗L(2,R)
SO(2) (e
ikθ)⊗ e(iλ,0) ⊗ 1),
where we view representations of S∗L(2,R) as representations of M1H by letting
the second factor S∗L(n − 2,R) act trivially. We now find the decomposition of
Ind
S∗L(2,R)
SO(2) (e
ikθ) into irreducible S∗L(2,R)-representations.
Let Q =MQAQNQ ⊆ SL(2,R) with
MQ =
{
±
(
1 0
0 1
)}
, AQ =
{(
a 0
0 a−1
)
: a > 0
}
, NQ =
{(
1 x
0 1
)
: x ∈ R
}
.
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For ε ∈ Z/2Z and t ∈ C define a character ̟t,ε of Q by
̟t,ε
(
a x
0 a−1
)
:= sgn(a)ε|a|t, a ∈ R×, x ∈ R.
Let π
SL(2,R)
t,ε := Ind
SL(2,R)
Q (̟t,ε) denote the corresponding induced representations.
For t ∈ iR+ the representation π
SL(2,R)
t,ε is unitary irreducible and for t > 0 with
t ∈ ε + 1 + 2Z it contains two discrete series representations π
SL(2,R)
t,ε,± with SO(2)-
types e±ijθ , j > t. Then the Plancherel formula for line bundles over the upper
half plane by Shimeno [31] states that
Ind
SL(2,R)
SO(2) (e
ikθ) =
⊕
t>0
t∈|k|−1−2N0
π
SL(2,R)
t,k+2Z,sgn(k) ⊕
∫
iR+
π
SL(2,R)
t,k+2Z dt.
Now let Q∗ = M∗QAQNQ be the parabolic subgroup of S
∗L(2,R) with
M∗Q =
{(
±1 0
0 ±1
)}
.
For ε, δ ∈ Z/2Z and t ∈ C denote by ̟t,ε,δ the character of Q∗ given by
̟t,ε,δ
(
a x
0 b
)
7→ sgn(a)εsgn(b)δ|a|t, |ab| = 1, x ∈ R.
Denote by π
S∗L(2,R)
t,ε,δ = Ind
S∗L(2,R)
Q∗ (̟t,ε,δ) the corresponding induced representation.
Then it is easy to check that
π
S∗L(2,R)
t,ε,δ
∼= π
S∗L(2,R)
t,ε+1,δ+1,
whence we will write π
S∗L(2,R)
t,ε := π
S∗L(2,R)
t,ε,0 . This implies
Ind
S∗L(2,R)
SL(2,R) (π
SL(2,R)
t,ε )
∼=
⊕
δ=0,1
π
S∗L(2,R)
t,ε+δ,δ
∼= 2 · π
S∗L(2,R)
t,ε .
Further, for t > 0 with t ∈ ε + 1 + 2Z the representation π
S∗L(2,R)
t,ε has a unique
irreducible unitarizable subrepresentation π
S∗L(2,R)
t,ε,ds . It has O(2)-types H
j(R2), j >
t, and we have
Ind
S∗L(2,R)
SL(2,R) (π
SL(2,R)
t,ε,± ) = π
S∗L(2,R)
t,ε,ds .
Putting things together we find that
Ind
S∗L(2,R)
SO(2) (e
ikθ) = Ind
S∗L(2,R)
SL(2,R) (Ind
SL(2,R)
SO(2) (e
ikθ))
=
⊕
t>0
t∈|k|−1−2N0
π
S∗L(2,R)
t,k+2Z,ds ⊕ 2
∫
iR+
π
S∗L(2,R)
t,k+2Z dt,
Finally we note that by Harish-Chandra’s Irreducibility Theorem (see e.g. [19,
Theorem 4.11]) for ε ∈ Z/2Z and t > 0 with t ∈ ε+ 1 + 2Z we have
IndHP 1
H
(π
S∗L(2,R)
t,ε,ds ⊗ e
(iλ,0) ⊗ 1) is irreducible for λ 6= 0.
For the continuous spectrum we use [14, Chapter VII, §2, Section 4] to find
IndHP 1
H
(π
S∗L(2,R)
t,ε ⊗ e
(iλ,0) ⊗ 1) = IndHP 2
H
(ξε ⊗ e
( iλ+t
2
, iλ−t
2
,0) ⊗ 1),
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where P 2H = M
2
HA
2
HN
2
H with
M2H =

 ±1 0 00 ±1 0
0 0 S∗L(n− 2,R)

 ,
A2H =

 R+ 0 00 R+ 0
0 0 R+1n−2

 ,
N2H =

 1 ∗ ∗0 1 ∗
0 0 1n−2

 ,
ξε is given by
ξε(diag(δ1, δ2, g)) = δ
ε
1,
and (a2H)
∗
C
is identified with C3 by
(a2H)
∗
C → C
3, α 7→ (α(diag(1, 0, . . . , 0)), α(diag(0, 1, 0, . . . , 0)), α(diag(0, 0, 1, . . . , 1))).
Then again by Harish-Chandra’s Irreducibility Theorem we find
IndHP 2
H
(ξε ⊗ e
( iλ+t
2
, iλ−t
2
,0) ⊗ 1) is irreducible for t 6= 0,±iλ,
i.e. it is irreducible for generic t ∈ iR.
Theorem 7. Upon restriction to the symmetric subgroup H6 = GL(n,R) the rep-
resentation πGiλ,k of G = GL(n,C) decomposes as
πGiλ,k|H6 =
⊕
t>0
t∈|k|−1−2N0
Ind
GL(n,R)
P 1
H
(π
M1H
t,k+2Z,ds ⊗ e
(iλ,0) ⊗ 1)
⊕ 2
∫
iR+
Ind
GL(n,R)
P 2
H
(χk+2Z ⊗ e
(iλ+t,iλ−t,0) ⊗ 1) dt.
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